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Studies in Cyclocopoiymeritation. XI. 
The Role of the Charge-Transfer Complex 
in the Initiation Step of the UV-initiated 
Cyciocopolymerization of Divinyl Ether 
with Furnaronitrile* 

BRGNO ZEEGERS and GEORGE B. BUTLER 

Department of Chemistry 
University of Florida 
Gainesville, Florida 32601 

A B S T R A C T  

A soluble cyclocopolymer of 1:2 composition was obtained 
by L T  irradiation oi divinyl ethey (DVE)  and fumaronitri le 
( FK) in methanolic solution. By appropriate calculations 
based on the resul ts  of the rate  observed under different 
concentration conditions and with different W filters, i t  is 
s h o r n  that both the complex f o r x e d  between DVE and FN, 
and the noncomplexed species  (DVE, FN, and methanol) are 
able to initiate the polymerization by light excitation. A 
study was completed on the s a m e  polymerization in the 
same  solvent initiated by a radicai initiator. The  character-  
is t ics  of the polymers are the s a m e  as those of the 2hoto- 
initiated polymers. The kinetic r e su l t s  are s imi l a r  when the 
polymers are obtained bp both kinds of initiation. indicati ig 
a similar poiyrnerization mechanism. 

'This paper was presected in part before the Polymer Division a: the 
American Chemical Society National Meeting, LOS h g e l e s ,  March 29- 
Apri l  2, 1971, Polyn.  Preprinls ,  E? 420 (1971). 
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I N T R O D U C T I O N  

ZXEGERS AND BUTLER 

In several  previous papers [ 1-41 it has been shown that certain 
1,Cdienes and monoolefins of different polarity, which form charge- 
transfer ( C.T. ) complexes, copolymerize easily, leading to  soluble 
copolymers. The composition of the copolymer i s  diene/monoolefin 
= 1/2 when the monomers a r e  not able to homopolymerize as in the 
case of the divinyl ether (DVE)-fumaronitrile I FN) system. .A cyclic 
structure h a s  been assigned: 

All the polymerizarions described in previous papers were initiated 
by radical initiators. Ln order to elucidate the mechanism of initia- 
tion and to discuss the role of the C.T. complex, it was decided to 
photoinitiate one of the systems previously studied. The DVE-FN 
system in methanol svas chosen because the absorptions of the 
complex and the noncomplexed species a r e  well separated, a s  shown 
in the study of the complex (Fig. 2). 

On the basis that the concentration of excited-state species which 
a re  able to initiate the polymerization depends on the number of 
photons absorbed by the solution and on the quantum yield at each 
wavelength, it was decided to change the intensity of the incident 
lig!!t and i ts  .ravelength ( for this, different CV filters were used), 
and/or to change the concentration of the monomers. An appropri- 
ate method of calculation is developed and the rate of polymerization 
is correlated with the total number of photons absorbed by the 
complex and the noncomplexed species ( DVE, FY, and methanol) and 
with the  quantum yield of the polymerization. 

The same polymerization in the same solvent was also studied 
when initiated by a mdical initiator (XIBN). Comparison bemeen the 
results obtained by the two modes of initiation was of considerable 
interest. 

E X P E  R I b f E N T X L  

DVE (Merck, Sharp and Dohme) vas distilled at 28-29’C. FY 
(Xldrich Chemical Co. ) was recrystallized from benzene solution, 
Spectrophotometric methanol (J. T. Baker Chem. Co.) was used. 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
0
:
2
1
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



CYCLOCOPOLYMERIZXTIOli. XI 351 

AIEW was recrystall ized from methanol. Reagent grade chemicals 
were used for the actinometry: Potassium oxaLate.H2 0 { Fisher 
Scientific Co.): F e r r i c  sulfate.?H, 0 (J, T. Baker Chemical Co. 1: 
1.10-phenanthroline ( F i s h e r  Scientific Co. i: sodium acetate ( F i s h e r  
Scientific Co. ): f e r r i c  chloride (Allied Chemical). 

The 217: study was ca r r i ed  out with a Beckman DK-2.4 spectro- 
photometer at 23'C. in methanol, with 1 cm cells. For the study of 
pure DVE o r  F'N, pure methanol was used as reference.  .For the 
study of the complex, the reference cell  was filled with FN in 
methanol a t  the same  concentration as in the comples soiution cell 
and the optical density of pure DVE at the s a m e  concentration was 
deducted from the optical density measured because DVE and FN 
present some residual absorption below 300-320 mw. The exact 
value of the opticai density or' the complex can thus be evaluated. 

spectrophotometer. Molecular weights were determined by a vapor 
p r e s s u r e  osmometer,  Mechrolab Model 302. Elemental  analyses  
were ca r r i ed  out by Galbraith Laborator ies ,  Inc. 

methanolic solution 5 m l )  was contained in a quartz polymerization 
tube, a ( r ad ius  = I. 1 cm). Polymerizations were ca r r i ed  out under 
high vacuum. During polymerization. the tube was slowly rotated. 
The temperature  of the solution var ied berween 26 and 28°C. Con- 
centrations of DVE and FN were 0.6. 0.9, o r  1.2 moles/l i ter .  A 
f i l ter  b held by a fi l ter  holder c was positioned in  front of the 
solution. Interference filters at 2537 and 2000 -4 were used (Or i e l  
Optics Corporation Catalog lu'os. G-571-2537 and C-572-2000). The 
other f i l ters  are simple L?r f i l ters  from Corning Glass Works 
(Catalog Kos. 954, 930, 054, 053, and 052). Transmit tances  of a l l  
,these filters v s  the wavelength are given in Fig. 7. To avoid any 
.kind of interacrion of DVE in the vapor phase with the light, an  
.aluminum sheet d was placed around the tube, and a s c r e e n  e was 
placed berween the lamp and the tube. A Hanovia high-pressure 
mercury lamp f (450 W; Catalog No. 679 A-36), strong!? cooled by 
a fan, was employed a5 the light source. The power of the lamp for 
each mercury line is given in Table 2. The distance between the 
lamp and the polymerization tube was 2 cm. The top of the quartz 
polymerization tube is sealed to  a Pyrex  tube obtained from Lab 
Glass Lnc. (Catalog No. LG-10861). The sealing of the tube under 
'high vacuum after successive degasifications was always ca r r i ed  
3ut at the level of the  Pyrex  part  h. 

AIBN-initiated polymerization was a l so  c a r r i e d  out under high 
vacuum after successive degasifications at 60'C in  an  oil bath. 

The polymers obtained by W initiation as well as by radical  
initiation were  directly fi l tered and washed seve ra l  t imes by boil- 
methanol. The r a t e  of pol?merization was measured by gravirnetry 
,;fter drying the polymers seve ra l  hours under vacuun  at  40'C. 

IR spec t r a  were recorded on a Perkin E l m e r  (Infracord)  

-4 rough draft  of the irradiation apparatus is given in Fig. 1. A 
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3 52 ZEEGERS XND BUTLER 

FIG. 1. Rough draf t  of the irradiation apparatus. a = solution in a 
quar ta  tube; b = filter: c = f i l ter  holder: d = aluminum sheet;  e = screen:  
f = W lamp; g = seal of quartz tube to P-yrex tube; h = Pyrex tube. 

S t u d y  o f  t h e  D V E - F Y  C o m p l e x  i n  M e t h a n o l  

On the bas i s  that the complex formed bemeen  DVE and PN may 
participate in the mechanism of initiation of the photopolymerization 
in methmolic solution, the character isr ics  or' the complex were studied 
in the s a m e  solvent. The existence of the complex was established by 
W spectrophotometry: a mixture of DVE and F?T shows a new 
absorption band ( Fig. 2); Xmax 2 260 mp. A 1: 1 stoichtometry 
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I 
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2 50 3 00 3 50 
WAVELENGTH ( m u )  

FIG. 2. Identification of the DVE-FX complex in methanol. 
( 1) DVE at 0.6 molebi ter :  i 2)  FN at 0.6 mole/l i ter;  ( 3 )  DVE + FN 
x: 0.6 mole/liter: ( 4 )  DVE + FN a t  0.06 mole/liter. 

w a s  determined by the continuous variations method [ 51 : indeed, the 
maximum of the optical density for different compositions of DVE 
and FN, while their  total concentrztion was kept constant, was found 
for equimolar fractions ( Fig. 3). Finally, the PquilibriLv constant 
of the complex formation vas determined by the Benesi-Hildebrand 
method [ 61 ; even though different concentration conditions and 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
0
:
2
1
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



3 54 Z E E G E R S  A i D  BUTLER 

different svavelengLhs ‘nere used, it appears  that value of the equilib- 
rium constant is small  and cannot be evaluated exactly: 0 > K > 0.20 
(Fig. 4). Values of 0.015 in methylene chloride [ 31 and 0.008 in 
deuterochloroform [ 41 were reported ear l ier .  However, the present 
approximation is sufficient for our  study 3s explained further. 

c. 2 

0.1 
i 

FIG. 4. Determination of the equilibrium constant of the DVE-FN 
complex in methanol solution by Benesi-Hildehrand’ s znethod a t  two 
different wavelengths and different concentration conditions. ( 0 1 ( DVE) 

C o p o l y m e r i z a t i o n  of D V E - F N  I z i t i a t e d  b y  XIBN 

The copoiymerization of EVE-FX in methanol at 60’ C and initiated 
by AIBN was studied in order  to compare the resul ts  obtained in the 
photopolymerization of the s a m e  system in the same solvent. T o  get 
the most valid comparison, concentrations and compositions of DVE 
and FN vere the same,  and the MBN concentration m s  chosen so that 
the rate of polymerization l ies  in the same range of magnitude as the 
rate observed in the photopolymerization. First of all, one observes 
that the m o l a r  fraction of F?T in the copolpmers is approximately 
0.59-0.62; this fraction is close to the 1:2 composition a s  iudicated 
ear l ier .  

Essentially, the dependencies of the monomers and XXBN 
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FIG. 5. Initial rate of DVE-FN copolymerization in methanol at 
6O'C initiated by AIBN. ( 1) (DVE) = (FK) 1.2 molef l i ter ,  (AIBN) = 
6 x mole/l i ter;  ( 2 )  (DVC, = (FN) = 0.9 m o l e h i t e r ,  ( AIBN) = 
6 x: mole/l i ter;  (3) ( D V E )  = (FN) = 0.6 molef l i ter ,  (AIBX)= 
6 x mole/l i ter:  ( 4) ! D V E )  = (FX) = 0.6 mole/l i ter ,  (AIBN) = 
3 x 10 mole/ l i ter :  and i 5 )  ( D V E )  = (FX) = 0.6 molef l i ter ,  ( A l B K )  
= 1.2 x 10-' moie/liter. 

cancentrations on the r a t e  of polymerization were studied. The  
yields observed were plotted vs t ime (Fig.  5 )  in o r d e r  to determine 
accurately the rate  of polymerization under the different concentra- 
tion conditiocs (Tab le  1). The slope of the plot of log r a t e  vs log 
monomer o r  XIBN concentration (Fig. 6) Gives the o r d e r  of 
p3lymeruation. An o r d e r  1.5 and 1 for  the total monomer con- 
centration and for the XIBN concentration, respectively,  were found 
s3  that the rate  can be expressed by 

The exact nature of the o rde r  1.5 for the total  monomer concentration 
i!; discussed i n  another paper [ 71 in the case of the copolymerizations 
of divipyl ether-maleic annydride and ethv! vinyl ether-maleic an- 
hydride. The o rde r  1 for the XIBK concentration indicates thaK the 
tarnina:ion of The growing radicals  is nOK a termination by coupling. 
This orde r  is strongly supporxed by the fact that the molectliar 
weights of the polymers remain constant fo r  different AIBN concen- 
t ra t ions (Tab le  1). 
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356 ZEEGERS AYD BUTLER 

TABLE 1. Summary  of the Resul t s  of the DVZ-FN Copolymerization 
in Metkanol at 6O'C Initiated by XIBN 

1.2 
3 
6 
6 
6 

1.2 0.61 3200 4.44 x lo-' 

1.2 0.62 3200 11.3 x 

1.2 0.39 3600 24.3 x 10"' 

1.8 0.603 - 40.3 x 

2.1 0.62 - 65.3 x 

a Calculated horn nitrogen analysis. The  va lues  a r e  mean values 
from different samples .  

I / 1 71 

FIG. 6. Dependence of the  monomer concentration and the XIBN 
concentration on the rate of polymerization. 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
0
:
2
1
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



C: YC LOC 0 PO L W  RIZ ATION. XI 3 57 

D e t e r m i n a t i o n  of t h e  N u m b e r  of P h o t o n s  A b s o r b e d  - 
) ab- aSs,T Ah ’ According to Beer ’s  law. the number of photons, (pr’ 

sorbed by the solution per  second in a wavelength range Ah is 

(KO 
tne optical density of the soiution a t  wavelength ( A z  + X , ) / 2  ( A X  = 
X 2  - A l  1. F r o m  the design of the apparatus, (So 
t y  

is the number of incident photons per second in AA, and DX is 

can be determined 

v h e r e  ( N L ) h h  is the number of photons emitted by the lamp per  
second in the range Ah: a is a factor involving the geometry of the 
z.pparatus (distance, cross a r e a  of the soiution); and (T j and FA 
( T  ) are, respectively, the transmittance of the fi l ter  and the quartz 
tube at a wavelength ( A -  + X, 112. Combining Eas. ( 1) and ( 2 ) :  

Q A  

(Nabs,T AA = a(NL)Ah(TF)A(TQ)h ( loDX - l/lODh) ( 4 )  

absorbed by the noncompiex (NC) species abs,T AA 
The fraction of (lu 
(DVE + FN + methanol) and the complex ( C )  a r e  (K ) and abs,NC Ah 

) respectively: %bs,C LA’  

and 
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358 ZEEGERS AND BCTLER 

where ( E ~ c ) ~ ~  and ( E  c )  
1 crn) at ( A ,  + X,)/2 of the noncornpler species and the complex, 
respectively. A l l  these equations are established :'or a wavelength 
range AX. The summation of all the te rms  invoived in relarion ( 5 )  
over the spectrum leads to the total number of photons absorbed per 
second by the whole solution, the noncomplex species, and the 

abs,T' 'abs,NC7 and 'abs,C: complex; we note these values N 

correspond to the absorbance ( fo r  a cell of x c  

The determination of the different p a n m e t e r s  entering into the above 
relations are considered further here. 

emitted by the lamp per second in a 
wavelength range AX is equal to the power of the lamp PAA in the same 
AX divided by the e n e r g  oi one photon hc/X: 

The number of photons (NL 

( NL) = ? A , & h c  

If PAX is given in watts ( J / sec )  and A in A, then 

( 7 )  

The values of PA* for each mercury line of the lamp and the associate 
values of ( NLIaX are $ven in Table 2. Using this manner oi calcula- 
tion, one observes that AA is not Constant. However, the calculations 
a r e  not affected if Li represents the width of each of the emission 
lines of the  Iamp since the output of the lamp b e h e e n  the lines is 
practically zero. In regard to this remark, it is quite evident that 
the values of (TF)X,  !Tg)x, DX, ( E x ~ ) l J C ,  and (cXcIC are taken a t  
the Xmax of the emission lines. 

The parzmeters ( T  ) and ( T  ) are  directly determined by W 

spectroscopy o r  a r e  available from the technical data sheets. Figure 7 
represents the transmittances observed. 

F A  Q X  
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TABLE 2. Power of the Lamp and Number of 
Photons Emitted by the Lamp fo r  the Different 
Emission Lines 

x 
( A ,  
3660 
3340 

3130 

3020 
2970 

2890 

2800 

2750 

2700 

2650 

2570 

2 540 

2480 

2.100 

2380 
2360 

2320 

2220 

25 .6  

2 .4  
13.2 

7 . 2  

4.3 

1.6 
2.4 

0 . 7  

1.0 
4.0  

1.5 

5. a 
2.3 
1.9 

2.3 

2 . 3  

1.5 
3.7 

47.0 

4.02 

20.7 

10.9 
6.41 

2.31 

2.87 

0.96 

1.35 

5.32 

1.93 

7.39 

2.86 

2.29 

2.74 

2.72 

1.75 
4.12 

The pa rame te r  ( loDX - l ) , / l O D x  was determined a5 follows: 

Accordiag to Seer 's  law in which DA is t h e  optical density of the 
solution in the polymerization vessel ,  d is the thickness of the polymer- 
ization vessel ,  and ( €  c '  and ( E ~ C ! ~  a r e  the optical densit ies of the 

h jxc 
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'WAVELENGTH (mu)  

FIG. 7. Transmittance o i  the fi l ters v s  the *navelength. The 
numbers refer to the catalog numbers of the filters. 

noncomplexed species (DVE i FN + methanol) and the ccmplex, 
respectively, in a 1 cm cell. Knowing the different values of the 
optical densities in relation (9) (see further), the value of 
( loDx - l ) / l O D '  would have been easily determined if a square 
cell had been used a s  the polymerization vessel. However, since a 
tube was used, d takes different values at  the different positions in 

the tube so tha t  a mean value of (loDx - l ) / ' lODx must be calculated. 
However, the integrals of ( 10Dk - l ) / l O D x  fo r  continuous variations 
of d from 0 to the diameter of the tube do not offer a direct solution. 
The problem was solved by computer calculation, the details of which 
a r e  given in the Appendix. The values found vs the wavelength a r e  
presented in Fig. 8 for concentration ( DVE 1 = ( F?T) = 0.6 mole/liter. 
Similar fi,@res might be dram fo r  the other concentrations. 

The parameter ( E ~ c ) ~ ~  was determined as follows. The values 

of the optical densities (in a 1-cm cell) of the methanol, and those of 
DVE and FN in methanolic solution a t  the same concentntions as 
used in the polymerization ( 0.5, 0.9, and I. 2 moles/liter), were 
directly measured by W spectrophorornetry .Then they a r e  higher 
than 0.01 snd lower than 2 (l imits of the Beckman DK-2X spectro- 
photometer). Otherwise they were calc-dated following Beer 's  La-# 
from the data obtained ar more concenrrared o r  more dilute solutions. 
Figwe 9 represents the optical densities at one of these concenrra- 
tions. The sum of these values ,rives the opt icd density of all the 
noncornplexed species. 

The parameter ( E  c )  was determined a s  follows. Above 330 m p  

the optical density ( in  a 1-cm cell)  of the complex DVE-EN, ( E ~ c ) ~ ,  
x c  
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, 
I ‘ 5  

i !  \ 

250 350 
W A g E L f  N G T  H ( m u )  

FIG. a. ~ E ~ c I ~ ~ / [ ( E ~ c ) ~ ~  ! E ~ c ) ~ ]  ( I ) ,  + 

( E ~ c ) ~ ]  ( 2 ) ,  and ( lflA - l ) / l O D X  ( 3 )  vs wavelength for (DVE) = 

( F X )  = 0.6 rnole/liter. 

FIG. 9. Optical density observed o r  calculated vs wavelength. 
i 1, P u r e  methanol: 3 )  FPr‘ 
at 0.5 m d e ;  I i ter  in methanol: and ( 4 )  DVE FN at 0.6 mole/l i ter  
in methanol calcxlated for an  equilibrium constant of cornpiexation 
approaching 0. The same kind of curves  can be obtained for other 
c onc entrar ions. 

21 DVE at  0.6 mole ’liter in methanol: 

3t concentrations in DVE and F N  equal  to 0.6, 0.9, and 1.2 moles/l irer,  
Fas directly measured. F o r  lower wavelengths the optical density 
was measured 3t concentrations (DVE) = ( Fh-) = 0.06 mole/liter, and 
then r eca l cda ted  from the value of the equilibrium constant for the 
concentrations 0.6. 0.9, and 1.2 moles,.’liter. It has  k e n  shown in the 
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study of the complex that the equilibrium constant K is higher than 0 
but lower than 0.2. If K is very low the concentration of the complex 
increases  100, 223. and 400 t imes *.vnen the concentration of each 
component i nc reases  from 0.06 to  0.6, 0.9, and I. 2 moles/l i ter ,  
respectively. If K = 0.2 these increase factors  are approximately 83. 
191, and 340, respectively. Thus the optical densit ies of the complex 
for  concentrations in DVE and FN equal to 0.6, 0.9, and 1.2 mo les j l i t e r  
are, respectively,  100, 225, and 400 t imes,  o r  33, 191, and 310 t imes 
higher than the optical densit ies measured for (DVE)  = (FN) = 0.06 
mole/l i ter  following K -  0 or  K = 0.2. However, the general  trend of 
further calculations is practically not aifected :vhen ( E ~ c ) ~  is evalu- 
ated with multiulication factors  100: 225, acd 400, o r  85, 191, and 340. 
Indeed: 1) Up to 330 mu the optical densit ies are 30 high that sma l l  
variations of ( E ~ c ) ~  cannot aifect the value of ( 10’’ - l ) / l O D X  which 
shows a constant value equal to one (Fig. 8). 2)  It can be observed 
in Fig. 8 that the rat ios  

take the values of 1 o r  0 (except in a transit ion wavelength r e g o n  at  
approximately 250 mG). This  means that the absorption of the solution 
is ei ther  due to the  noncomplexed species  o r  to the complex depending 
on the wavelength. Therefore ,  srcall variations oi ( E  c )  cvznot 
greatly aifect the  values oi these ratios. The optical density of the 
complex a t  concentrations ( DVE) = ( FYI = 0.6 rnoleil i ter  calculated 
with K - 0 i s  represented in Fig. 9. 

The factor a was determined by the actinometric method described 
by Hatchard and P a r k e r  [ a] .  Powssil.m ierriovalate ( 3 m l )  at 0.006 
mole/l i ter  m s  i r radiated under exactly the  same conditions a s  in the 
photopolymerization vi th  the interference i i l ter  2537. 

The concentration of Fe(I1) a i t e r  different t imes oi irradiation was 
determined by measuring the optical density (a t  310 rnb) of the complex 
fo rmed  with 1,lO-phenanthroline. The plot ol optical density vs  t ime 
(Fig. 10) gives the  r a t e  of increase of optical density: 15.4 x 10’’ sec“. 
From the e-xtinction coefficient of the cornpiex Fet 11)- 1, lo-phenanthroline 

x c 
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> 10 

T I M E  ( m i n l  

FIG. 10. Optical density at 510 mp of the complex Fez'-l,lO- 
phenanthroline v s  the t ime of irradiation of a solution of potassium 
ierrioxalate a t  0.006 mole/liter. 

( 1.11 X 10' l i ters/mole) and from Xvogaxko' s number and the 
quantum yield of this photoreaction ( 1.25 at  253 A ) ,  it becomes easy 

Qhotons/j ml/sec. The  theoretical  number of photons absorbed by 
the whole solution was given in the relations ( 4)  and (6) :  

to determine the number of photons absorbed; Nabs,T = 3. j x l o L 5  

( N L ) a X  is given in Table 2: ( T  Ix and ( T F ) x  for the f i l ter  2537 are 
given in Fig. 7 .  Moreover (l*X - 1 ) / 1 @ X  = 1 because the optical den- 
si ty of the acrinometric solution at 0.006 rnole/liter is never  l e s s  than 6 
in the wavelength range considered. Therefore ,  the product of the factors 
included in the Z of relation ( 10) is easily evaluated: 4.19 X 10" 
photons/S ml/sec. The factor a is determined by the relation ( 10) 
knowing Xabs .T and 2:  

Q 

3.35 X loL5 photons/sec 5 m l  

4.19 x lo' ' photons/sec 5 ml 
a =  0.8 x ( 11) 

Now, it becomes possible to calculate the number of photons absorbed 
by the complex and the noncompiexed species at each incividmi Hg line of 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
0
:
2
1
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



3 64 ZEEGERS AND BUTLER 

TABLE 3. Number of Photons Absorbed per Second by the Noncomplexed 
Different Filters and f o r  (DVE) = (FX) = 0.6 mole/litera" 

F i l te r  
x 9 54 930 930 + 954 053 053B 
(mu) A B X B A B A B A 

366 
334 

313 
302 

297 
289 
280 

27 5 
270 

265 
2 57 

2 54 
248 
240 
238 
23 6 

232 
222 

0.72 
0.76 
I. 73 
0.76 

0.56 
0.31 
0. 5 

0.22 
0.48 

3.0 
2.62 

14.3 
12.4 
11.2 
12, 6 
11.0 

3.75 
3 .05  

13.2 0.70 
15.2 0.73 

141 1.5 

76.5 0.66 

43.1 0.42 
16.0 0.22 
19.5 0.32 

6. 32 0.12 
a. 87 0.28 

33.2 1.67 

9.95 1.31 

32.4 7.85 
4.4 6.70 

6.25 

6.75 
5.85 
2.63 
1. 14 

12.7 0.65 11.7 , 0.70 
14.5 0.65 13.0 0.73 

123 1.33 108 1.4 
59.3 0.60 53.5 0.54 

32.5 0.36 28.0 0.28 
11.3 0.18 9.55 0.08 
12,6 0.27 10.6 0.04 

3.98 0.11 3.25 0.01 
3.2 0.22 4.17 0.01 

18.6 1.33 14.7 
5.45 1.08 4. 12 

17.2 6.02 13.2 

2.37 4.7 1.66 
3.64 
3.47 
2. a2 

0.86 
0.16 

12.7 0.61 
14.5 0.51 

113 0.73 

48.1 0.22 

21.2 0.1 
4.32 0.02 
1.66 0.01 
0.17 
0.03 

) x 1 0 - l ~ .  
a 

= (Nabs,SC A h 

bB = (Nabs,C ) x 10"". 

wavelength at the  differenr concentrations and for the different filters. 
The results are tabulated in Tables  3, 4, and 5. Zlforeover, the total 
number of photons absorbed by the whole solution, the complex, and the 
noncomplexed species a r e  determined f o r  the different f i l ters  and the 
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Species and by the Complex at  Different Wavelength Ranges fo r  the 

054 930 A 954 + 054 052 2537 2000 
A 

- B A B A B  A B A B  
~~ 

11.1 0.70 12.7 0. 59 10.7 0.44 7.96 
10.1 0.68 13.7 0.56 11.1 0.01 0.03 
60 0.69 56.8 0.48 39.5 

20.4 0.02 2.21 0.01 1.27 

7.67 
1.18 
0.28 

0.01 

0.03 
0.01 0.46 
0.01 0.40 

0.05 1.02 
0.52 5.81 
0.67 2.54 
4.2 9.30 
4.2 1.48 
2.36 
1.96 
0.80 

0.26 
0.03 0.66 

different concentrations by addition of the values given in Tables, 3,  4 ,  
and 5. The final results as caiculated are presented in Table 6. 

Results of P h o t o p o l v m e r i z a t i o n  a n d  D i s c u s s i o n  

The mean values of the l a t e  of photopolymerization under different 
esper imental  conditions are detailed in Table 7 .  The  number of ex- 
periments for  each experimental  condition and the standard deviation 
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TABLE 4, Sumoer  of Photons Absorbed per Second by the Non- 
cornpleved Species and by the Cornpiex at Differenr Wavelength Zanges 
for the Different Filters and for (DVE) = ( FN) = 0.9 rnole/litera,b 

Fi l ter  
x 9 54 054 2537 2000 
(w)  B A B h B A B 

336 
334 
313 
302 
2 97 
289 
280 
27 5 
270 
265 
257 
254 
248 

238 
240 

23 6 
232 
222 

1.02 
0.66 
1.17 
0. qa 

0.34 
0.20 
0.34 
0.14 
0.31 
2.01 
1. 88 

10.73 
9.92 
11.20 
12.60 
11.00 

5.75 

3.05 

27.06 
21.28 
143.80 
77.26 
43.21 
16.11 
19.66 
6.60 
9.04 
34.19 
10.69 
36.17 
6. 88 

0.99 26.03 
0.59 19.18 
0.47 57.93 
0.01 2.23 

0.03 
0.01 0.46 
0.01 0.40 
0.03 1.04 
0.34 3.99 
0.48 2.75 
3.?0 10.40 
3.36 2.32 
2.36 
1.96 
0.80 
0.26 

0.03 0.66 

are presented in the same table. It is observed that the standard devi- 
ation in some cases  takes relatively hi$ values; however, not higher 
than 30%. It is well known that photoreacrions are very sensitive to 
several factors. Fortunately, these e r r o r s  do not affect the general  
trend of the results. 
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T X B U  5. S u m b e r  of Photons Absorbed per  Second by the Non- 
cornplexed Species and by t h e  Complex at Different Wavelength 
R a g e s  for the Different Filters and for  (DVE)  = ( FA-) = I. 2 moles/  
1 it e r a , b  

Filter x 9 54 054 2537 2000 
imL) A a .A B A B A  B 

336 

334 

313 

302 

297 

289 

280 

27 5 
270 

265 

257 

254 

248 

24C 

236 

23 6 

232 

222 

1.23 

0.60 

0.88 

0.34 

0.26 

0.15 

0.22 

0.11 

0.24 

1. 56 

1.44 

8.41 

10.36 

11.08 

12.60 

11.00 

5.75 

3.05 

45.27 

24.62 

193.17 

77.26 

43.40 

16.16 

13.78 

6.63 

9.11 

34.64 

11.13 

38.49 

6.44 

1.20 43.56 

0.54 22.19 

0.35 77.81 

0.01 2.23 

0.01 

0.01 
0.02 

0.27 

0.37 

2.43 

3.73 

2.36 

I. 96 

0.80 

0.26 

0.03 

0.03 

0.46 

0.40 

1.05 

6.06 

2.84 

11.07 

1.95 

0.66 

The polymers obtained by AIBN initiation and phoroinitiation possess  
the s a m e  character is t ics .  Their IR a r e  identical n i th  character is t ic  
absorptions of cyan0 and e the r  groups 2t 2260 and 1100 cm-' .  Molecular 
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weights ar9 of the same order  oi  rnagzitude; moreover,  the a o l a r  
fraction of FN in the copolymer is approximately constant ( 0.60 - 0.67), 
indicating an alternating s t ructure  of 1:2 composition. Xowever, the 
a o l a r  faraction of FN in the copolymers obtained by irradiation vi tb  the 
f i l ter  2000 mas lower. With this f i l ter  the light is essentially absorbed 
by the noncomplexed species,  thereiore the initiation must  be due to 
excited state monomers. Moreover, these polymers are not very 
soluble. These facts indicate rnar dur-hg polymerization some double 
bonds a r e  occasionally able KO cross-link, leading to  the insoluble 
character  and a composition between 1:l and 1:2. The  reason for  such 
phenomena is not well explained; it could be due to  the initiation itself 
or to some kind to propagation via lignt-excited species. 

it was shown ear!ier that :he copolymerization initiated by XI33 
indicated an o r d e r  1.5 and an order  1 for the total  monomer concen:m- 
tion and the XIBX concentration, respectively. As described furlher,  
the ra te  of photopolymerization follows the same law, indicating that 
both b n d s  of initiation lead to s imi la r  polymerization mechanisms. 

Figure 11 shows that the ra te  of photopolymerization is apprcx- 
imately a function of the 1.2 power of the number of photons absorbed 
by the whole solution (only, hovever,  for the f i l ters  930, 954, 054, and 
their  cornkhations!),  the 1.2 gower oi the number of photons absorbed 
by the complex (only also for the f i l ters  930, 954, 054, and their  

FIG. 11. Dependence of the number of photons absorbed by the non- 
complexed species,  the c o m p l ~ x ,  and the whole solution on the rate of 
photopolymerization in methanol a t  26-28°C. (DVE)  = (FN) = 0.6 
moleil i ter .  The numbers indicate the catalog numbers of the fi l ters.  
Similar curves can be obtahed fo r  other concentrations. 
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combinations). aad tne half power of the number of photons absorbed 
by the noncomplesed species. At first sight it appears  that the polymer- 
ization is preferentially initiated by the noncomplexea species  5mce all 
the points plotted for the number of photons absorbed by the complex 
o r  the wnoie solution present  two exceptions with a n o m a l o u  high 
r a t e s  (see a r rows  in Fig. 11 fo r  the f i l ters  2000 and 2537) .  However, 
the present statement is probably not valid as shown below. It i s  
important to note that the dependence of the number of photons ab- 
sorbed on the r a t e  of polymerization is apparent and has  absolutely 
no significance without consideration of the rnoLecdar weights of the 
polymers and the q w t u m  yields of polymerization at each individual 
wave length. 

important differences [ the  r a t e  with the f i i t e r  934 i s  9 t imes higher 
thm with the fi l ter  054), the molecular weights present  constant values,  
a t  least  when the concentration is constant. F rom the tradit ional re- 
lations [ 91 over the rate  of polymerization. one concludes that the r a t e  
of polymerization initiated by C'v, as weli as the AIBN-initiated 
polymerization, must follow a f i rs t -order  dependence of the number of 
"effective" species  formed pe r  t ime unit, a n  "effective'' specie being 
a specie which can effectively initiate the polymerization. Let  E 
r ep resen t  this number: 

Even i f  The x t e s  observed xi th  the difietent f i l ters  attest  

The  number E depends on the number of photons absorbed multiplied 
by the quantum yield 6: 

abs  E = +?i 

It can be shown that the polymerization c a m o t  be initiated o& by 
:he noncomplexed species ,  at least  when the photons a r e  absorbed by 
the comples and noncomplexed species  together ( that  i s ,  the case for 
all the f i l ters  except :he fi l ter  2000 as described in Table 6;. Thus i f  
the polymerization were initiated only by the noncomplesed species ,  
one would obtain, on the bas i s  that the r a t e  must follow a f i rs t -order  
dependence of the number of "effective" species:  

is the numSer of "eifective" species  formed pe r  second relative 
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to the noncomplexed scecies. Moreover, 

where ( Eyc)A,l is the fraction of ExC in a wavelength range AA. As 
stated in relation ( 13), one obtains: 

( 4  
( X2 + h L)/Z relative to the noncompiexed species. Combining the re- 
lations (14), ( 15), and ( 16): 

f being the quantum yield oi  the polymerization at wavelength NC x 

vhere 4yc is a mean factor of the quar,tum yield for a gven  filter rel- 
ative to the non-complexed species. It i s  important to note that ( OY ) LCX 
is independent or' the fi l ter  used and depends anly on the wavelength, 
while ONc is a mean factor fo r  the different wavelengths which there- 
fore cannot be correlated by mathematical relations to ( Pxc)X except 
for filters trvlsmitt ing monochromatic light! 

the number o i  ph0tor.s absorbed by the noncomplexed species vas 
previously srated: 

The fact that the rnte shows an apparent half-power dependence of 

For an agreement between relations ( 17) and ( l a ) ,  one vould obtain: 

3xc = function of (Nabs uc 1 - l'= 
,A 

Such an expression means that 3 
creases ,  and inversely. 

must increase when Nabs,NC de- NC 
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Nabr.NC 

FIG. 12. Simplified representation of the log of the r a t e  vs the log 
Of ‘abs,SC for the f i l ters  954, 2537, 054,  and 2000. 

Figure 12 shows a simplified representation of the obsemed  rates 
VS N 

f i i ters  2000, 2537, 054, and 954 must be found for  passing from a 
slope 0.5 t o  a slope 1: 

where one observes  that the following sequence for the abs ,NC 

( A s  shown in Fig. 12,  Khe absolute values of axc snow a r e v e r s e  

sequence! In fact. however, the quantum yield is sma l l e r  than unity, 
as shown below, so  that negative !og values mcst  be considered). The  
sequence ( 20) is, however, practically impossible to establish as 
shown in the simplified representation of t h e  t ransmit tance of these 
f i l t e r s  ( F i g  13). Indeed, if the quantum yield decreases  when the 
wavelength increases  (that can be generally expected),  the analysis 
of Fig. 13 leads to the conclusion: 

Even if  the quantum yield increases  when the ware i engh  inc reases  
( l e s s  probable), the r eve r se  sequence will be found, so  that no sequence 
as required in relation ( 1 1 )  can be established except that i f  i r r e p l a r  
variations of the quantum yield with the wavelength is assuned Such a 
possibility is highly improbable. 

One concludes that the initiation cannot be due only to the non- 
complexed species when the  photons are absorbed by the complex and 
the noncomplexed species  together. But, since the polymerizatioii 
occurs  with the filte? 2000 f o r  which only the noncomplexed species  
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pI a 1 

WAVELENGTH 

FIG. 13. Simplified representation or" the transmittance of the 
f i l ters  954, 2537, 054, and 2000. 

absorb the incident photons, one must admit that the noncomplexed 
species may initiate the polymerization. Therefore,  the final con- 
ciusion is that the polymerization can be initiated both by the complex 
and the noncomplexed species when both the complex and the non- 
complexed species  absorb the incident photons: it seems reasonable 
to  suppose that their  relative contributions in the initiation s tep  
correspond to some extent to their  relative absorption. The present 
conclusion may not be too surpr is ins:  the above developments bring 
only supplementary suppon for  this conclusion through some 
physicomathematical considerations. The rate is thus expressed by 

where E is the total number of "effective" species  in the whole 
solution. In the same manner as described above, one obtains 

T 

rate = k+ N (23 )  T abs,T 

where 9T is the mean quantum yield for a e n  r'i!ter relative to all 
the excited species  in the  solction. It -ms already o b s e n e d  that :or 
the filters 954, 930, 034, and their  combinations 

) l e 2  abs,T ra te  = k ( N  

-4 correlation between the relations ( 23) and ( 24) gives 

aT = function of ( Nabs ,T 1 
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The quactun yield increases  with the number of photons absorbed by 
t h e  whole solution This  relation is only valid, however, for the 
f i l ters  954, 054. 930, and their  combinations. 

high (see a r r o w s  in Fig. 11). In order  to obtain a f i rs t -order  de- 
pendence oi the total number of "effective" species  for any fi l ter ,  the 
mean auanrum yieid of the f i l ter  must follow the sequence (as shown 
in the simplified represenrarion. Fig. 14): 

>loreover.  the r a t e s  with the f i l rers  2337 and 2000 were abnormally 

Nabs, 1 

FIG. 14. Simplified represenration of tine log of the rate vs the log 

abs  ,T of N for  the f i l ters  954, 2537, 054, and 2000. 

It is remarkable  that this sequence is in ful l  accord with the concept 
of a n  increase of the quantun yield with a decrease of the wavelength 
as already stated in relation (21) .  

cover a small  range of the spectrum. F rom Fig. 14 ( o r  11) it is 
possible to  determine the relative values of the quantum yield for  these 
filters: 

F i l t e r s  2000. 253'7, and 054 are especially interesting because they 

From the molecular ae igh t s  and the r a t e  measurements  it is quite 
possible to calcuiare the number of polymeric molecules N formed 

Der second (Table 7 ) .  Dividing this number bv the number of photons 
Hbsorbed, the quantum yield f o r  a given filter is obtained (Table  7). 
At (DVE) = (FN) = 0.6 rnole/liter, it is found that 

Pm 
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and from the relation ( 27) 

(*T)zooo = 0.15 

As indicated above, these fi l ters cover small  ranges of the spectrum 
and their  quantum yields c m  be approximately equated to the quantum 
yields of these wavelength ranges: 

= 0.13 “T’X < 225np 
( ‘TI 2 2 5 q  < h < 28Om.u = 0’03 

( % ) A  < 280mu = 0.003 ( 23) 

The interest of these approximations l ies in the fact that it becomes 

abs,T T possible to determine .U 

length ranges. Indeed, from the relation 
Ip for  the filters covering larger  wave- 

+ can be evaluated taking the c d u e s  of ) already ‘abs,T T 
given in Table 3 and the values of ( 3  I given in re!ation ( 29). The T X  

0 values of N 
of the rate vs the !og of ?Jabs,T 0 
remarkable that all the points are approximately on a line of slope 1, 
indicating a first-order dependence ot‘ the number of affective species 
initiating the polymerization. The points for the filters 2000, 2337, acd 
054 are evidently on a line of slope 1 since one started from the values 
of their quantum yield for  all the calculations and approximations. 
However, the fact thzt the points fo r  the fiiters 930, 954, and the i r  ccrrn- 
binations a r e  on the same line indicates at least that the method of 
calculation is adequate and that The conclusion concerning an initiation 
by the excited stare of all the species ( complex and noncornplexed) 
appears correct. Similar considerations r n i a t  be drawn fo r  the other 
concentrations in DVE and FS. Relation ( 2 7 )  is  still valid: however. 
absoiuze values oi the quantum yield as indicated in the relations (28) 
c m o t  be determined since the molecular weight measurements are not 
sufficiently precise due to the partial insolubility of the polymers. 
Nevertheless, the relative values gven  in relation ( 27) might be con- 
sidered, and the log of the rate 7s the log of Nabs,T @ 

to a line of slope 1 i the difference vould lie in the fact that Nabs,T IpT 

a r e  tabulated in Table 6 while the plot of the log 

is given in Fig. 15. It i s  absolutely 
abs,T T 

vould also lead 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
0
:
2
1
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



CPCLOCOPOLI'XERTZATION. XI 

3 1 2 
LOG [ Nabs,i i T I  - 13 

i FIG. 15. Dependence of the total number of photons absorbed by 
the whole solution multiplied by the quantum yield (as indicated in 
Eq. 30)  on the rate of photopolymerization. (DVE) = ( FN) = 0.6 
moiejl i ter .  The numbers r e f e r  t o  the catalog numbers of the 
fi l ters.  

would be Given with the a g r o s i m a t i o n  of a constant). Absolute 
values as given in the relations (28 )  might a lso be taken fo r  the 
other concentrations; however, t he re  is no proof that the values of 
the quantum yield remain constant with the monomer concentration. 
This  important question, which was not completely resolved in our 
experiments,  is, however, discussed briefly in the last part  of this 
paper. 

tom1 monomer concentration on the r a t e  of polymerization using 
four typical f i l ters  ( 9 5 4 ,  054, 2537, and 2000). The  log of the r a t e  
vs the log of the total  monomer concentration is given in Fig. 16, 
and one observes  that the o r d e r  is 2.5 ,  1.9, 1.5, and 1.5, respectively,  
f o r  the f i l ters  054, 954, 2537, and 2000. An o rde r  1.5 was expected 
s i x e  this o rde r  was found for the AISN-initiated polymerization. 
The o rde r s  2 . 5  and 1.9 are apparent orders .  Indeed, with the f i l t e r s  
054 and 954 an increase of the concentration inc reases  the optical 
density a t  the same  time, and therefore the number of photons ab- 
sorbed, and also t h e  number of effective species initiating the 
poiymerization: while with the f i l ters  2000 and 2537 the optical den- 
si ty is already so high that in  all c a s e s  ail the photons are absorbed, 

The l a s t  esper iments  were concerned with the dependence of the 

so  that Nzbs,T remains consrant (see Table 6): The r a t e  is therefore 
e sp res sed  by 

r a t e  = ~ ( D E V )  ( F S ~ I ~ : ? ; ~ ~ ~ , ~ + ~ )  (31) 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
0
:
2
1
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



3: 8 ZEEGERS ;LvD BbTLER 

FIG. 16. Dependence of the total monomer concentration on the 
rate of photopolymerization for four different filters. ( DVE) = ( FYI. 

The supposition may be made that @ remains constant for a given T 
filter. Since Nabs,T is a function of the monomer concentration (at  
least  under the present concentration conditions for the f i l ters  954 and 
054), the order  n is found by the plot of the log o€ the ra te  divided by 

vs  the log of total monomer concentration (Fig. 17). In all 

cases  n = 1.5. It is evident for the f i l ters  2000 and 2537 because for 
these.fi l ters Nabs,T is constLTt, but fo r  ;he other two f i l ters  the 
passage from an order  higher than 1.3 to a n  order  1.5 represents  a 
result of highest interest  indicating once again that the method of 
calculation of the n u n b e r  o i  2hGtOnS absorbed is correct  and precise. 

It is shown in another pape r  (71 that in the  DVE-rnaleic anhydride 
copolymerization initiated by AIBX, the eificrency of the initiator 
always increases  with a n  increase of the monomer concentration. 
The efficiency .xras evaluated by the nitrogen analysis oi the polymer 
since the nitrogen presence is only due to the decomposition of the 
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- 
i= 
t- 
4 
c: 

I 
2r 

1 i 

FIG. 17. Dependence of the total monomer concentration on the 
rate of photopolymerization divided by the total  n u n b e r  of photons 
absorbed in the case of four different filters (DVE) = (F"). 

initiator. The o rde r  of monomer concentration va r i e s  bemeen  1 ar.d 2; 
but by calculations, including the efficiency of the init iator 2nd the 
o rde r  of the AIB?; concentration. it is shown that the t r u e  o rde r  of the 
m o ~ o m e r  concentration is close to  1 and is generally expected f o r  the 
polymerization. 

It is thereiore  reasonable to assume that the o r d e r  1.5 observed in  
the  DVS-Fh' polymerization initiated by AIBN is also a n  apparent 
order.  Unfortunately. we were not able to make the s a m e  approxidna- 
tions as we did for the DVE-maleic anhydride system, since in the 
IIVE-FK system the percentage of nitrogen due to  the decomposition 
of AIBN cannot be de te rn ined  because the re  is a high nitrogen content 
due to  the fumaronitrile. 

ization is apparent and due to the change of the efficiency, L e., the 
quantum yield, with the monomer concentration. Unfortunately, here 
:rlso no precise  resui ts  can be obtained since the  quantum yields were 
riot determined for concenrraticns other than 0.6 mole/liter. Neverthe- 
: e s s ,  if it is presumed that the true o rde r  is 1, one must necessarily 
conclude that the quanturn yield is a frrnction of the  half  power of the 
in ono me r concentration. 

Similarly,  it can be assumed that the o rde r  1.5 of the photopolymer- 

A P PE NDIX 
The intensity of the light absorbed Iabs is related to the incident 

intensity I, by 
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loD - 1 
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where D is the optical density oi rhe solution, and 

where E is e.utinction coefficient, c is the concentration, and d is the 
thickness of the cell. When the concentrarion is constant, D = ad 
where a is a constant ( =  E c). In rhe  present paper, a = ( E ~ c ) ~ ~  + 
( E ~ C ) ~  (see relation 9). 

is easily determined for a square cell 
because the thickness is constant. However, when the solution is in a 
tube, the problem becomes more complicated since d takes different 
values. X mean value of ( l o D  - 1)/10 must be calculated. The term 
(loD - 1 ) l O  

spherical shape and a cylindrical ?art above. In a Cartesian co- 
ordinate system, a s  indicated in Fig. 18 the coordinate d is related to 
the coordinates x and y as follows: 1) In the cylindrical p a n  

D The value of ( loD - 1)/10 

D 
D may be represented by the symbol Z. 

The solution in the tube can be divided in two parts: the bottom of 

where r is the radius of the tube, and 

2)  Tn the spherical pa r t  

and 
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FIGURE 19. 
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2 and 2 are the typical values of Z for the cylindrical and spherical  
parts.  

For continuous variation of x and y, the integrals of Zc and Zs do 
not afford direct  solutions so that the use of a computer is necessary 
to solve the problem by approximation The problem is symetr ical  
versus  the x axis: thus one may consider only one half of the tube as 
represented by the top and side view of the tube (see Fig. 13).  

x is divided between x = 0 and x = r in m parts ,  and the value of x 
in the middle of each division is 

C S 

2n'  1 

2m 
x=-r  n = O , 1 , 2  ,..., m - 2 , m - 1  

y is divided bemeen y = 0 and y = r in p parts,  and the value of y 
in the middle of each division is 

2a + 1 
y=-  r q = O , 1 , 2  ,..., p - 2 , p - 1  

2P 

One obtains: 1) For the cylindrical p a r t  

2)  For the spherical  part 

That m = p may be assumed in order  to simplify the problem. The 
values of 2 and Zs are sums or' the values a t  each individual division 
divided by the number of divisions. .After some adequate transforma- 
tions, one obtains 

n=m- 1 

C 

r,/m)[ 4m2 - i 2ntl i '  1 'I2 - 1 7 
3 

n=O 2 1/3 10a( r /m)[  Jm' - ( 2n+li 1 
m 

z c  = 
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Sote :  For Z, the number  of divisions is l e s s  than m3 :see - 
Fig. 20)  since for s o m e  values of n and a the fac tor  41x1’ - ( 2 n  - 1)’ 
is l e s s  than 0. So the ZZ must  be divided by a n u n b e r  l e s s  than m’ , 
in th i s  c a s e  m’ - y ,  The t e r m  7 w2s a l so  evaluated by computer.  

Y 

FIGURE 20. 

in the  presenr paper  rhe values of Z and Z w e r e  derermined taking 
c S 

m = 50 ( i n  that case.  y = 535‘1 for differenr values of ar chosen a rb i -  
t r a r i l y ,  o r  different values of a s ince  r is fixed a t  1.1 cm. 

Bowever,  the problem is not completely solved because a mean 
value of Z is needed fo r  the two pa r t s  of the tube. Z depends on Z 

Z,, and the relative cross  sec t ions  of the cylindrical  and spherica! 

pars.. T h e  c r o s s  section of the cylindrical  p a r t  is 2rh and for the 
spher ica l  p a r t  is 7r-/2. So 

C’ 

Z,2rh + Zs:r’,/2 
Z =  

The tube is filjed with-5 m l  and thezradius  is 1.1 cm. The re fo re ,  
2 r h  = 1.28 cm-  and ;Tr- /2 = 1.9 cm . 
T h i s  plct pe rmi t s  the determination of Z fo r  any value of a. 
The  values of Z cor responding  to  the values of a in the present  
paper  were  plotted vs the wavelengths in Fig. 8. 

X piot of Z v s  a r b i t r a r y  values of a is given in Fig. 21. 
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3 2 
( = a )  r4C: NC * (5% 

FIG. 21. Values of ( load - l j / l O a d  v s  a r b i t r a r y  values of "a" for  
continuous variations of d from 0 to 2.2. 
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